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^ ! Abstract 

I We compute the Hilbert-Samuel multiplicity of crystalline framed 

' deformation rings of a two dimensional representation p of the abso- 

lute Galois group of Qp when p has scalar semi-simplification and the 
Hodge- Tate weights are small. In the non-trivial cases we find that the 
f-H \ multiplicity is either 1,2 or 4 depending on p. We show that in the last 

' two cases the deformation ring is not Cohen-Macaulay. 

?5 . 1 Introduction 

Let p > 2 be a prime. Let fc be a finite field of characteristic p, E 
be a finite totally ramified extension of with ring of integers 

^ I O and uniformizer tt. For a given continuous representation p: Gq^ — > 

OO ' GL2(fc) we consider the universal framed deformation ring i?P and 

. the universal framed deformation p""*'' : Gq^ — > GL2{R^)- For all p e 

Ti^lj- I m-Spec(i?^)[i], the set of maximal ideals of we can specialize 

■ the universal representation at p to obtain the representation 



X 



(N' Pp:GQ^^GL2(i?°[-]/p), 



1, 



where -R^[^]/p is a finite extension of Qp. Let r : Igq^ — > GL2(i?) be a 
representation with an open kernel, where Icq^ is the inertia subgroup 
of GQp. We also fix integers a, b with 6 > and a continuous character 
. ip: Gqp —^-O^ such that tpe — det(p), where e is the cyclotomic char- 

acter. Kisin showed in 9 that there exist unique reduced O-torsion 
free quotients Rp {a, b, r) and '^^^{0,, b, r) of R^ with the property 

that pp factors through R^'^{a, b, r) resp. R^''^is{0', b, t) if and only if 
Pp is potentially semi-stable resp. potentially crystalline with Hodge- 
Tate weights (a, a + 6 + 1) and has determinant ipe and inertial type r. 
If T is the trivial representation then Rp'^^^{a,b) := Rp'^^^{a,b,l) 
parametrizes all the crystalline lifts of p with Hodge- Tate weights 
(a, a+b+1) and determinant ipe. The Breuil-Mezard conjecture, proved 
by Kisin for almost all p, see also [2] , [5] , [I] , [13] , says that the Hilbert- 
Samuel multiplicity of the ring I^'^{a,b^T)/TT can be determined by 
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computing certain automorphic multiplicities, which do not depend on 
p, and the Hilbert-Samuel multiplicities of B!^'^^g{a,b) in low weights 
forO<a<p — 2, 0<&<p — 1. For most p, the Hilbcrt-Samuel 
multiplicities of J^'crisi^^^) have already been determined. Our goal 
in this paper is to compute the Hilbert-Samuel multiplicity of the ring 
^°ct»s(a> with 0<a<p-2,0<6<p-l when 

-p: Gq^ ->GL2(fc) 

One may show that F^'crisi^^^) ^^"^^ either 6 7^ p — 2 or the 
restriction of x to Jq^ is not equal to e° modulo tt. 

Theorem 1. Let a he an integer with Q < a < p—2 such that xliq^, = 
(mod tt). Then 

{1, if p ® is ramified 
2, if p® is unramified, indecomposable 
4, if p(E> X~^ *s split 

In the last two cases, P^'crisi^TP ~ 2) is not Cohen-Macaulay. 

The multiplicity 4 does not seem to have been anticipated in the 
literature, see for example [TOj 1.1.6]. Our method is elementary in the 
sense that we do not use any integral p-adic Hodge theory. The only 
p-adic Hodge theoretic input is that if p is a crystalline lift of p with 
Hodge- Tate weights {0,p — 1), then we have an exact sequence 

^ eP-^xi ^ P ^ X2 ^ 0, 

where X1tX2- Gq^ — > are unramified characters. This allows 
us to convert the problem into a linear algebra problem, which we 
solve in Lemma [51 This gives us an explicit presentation of the ring 
i?^^^j^(a,p — 2), using which we compute the multiplicities in [jH Our 

argument gives a proof of the existence of P^'crisi'^TP ~ 2) independent 
of 0. 
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2 The universal ring 

After twisting we may assume that x — 1 ^^.d a = so that 

*) - Co r ) ■ 
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Since the image of p in GL2(fc) is a p-group, the universal represen- 
tation factors through the maximal pro-p quotient of Gq^, which we 
denote by G. We have the following commuting diagram 



Gf 



G 



ah 



GZip) = G 



ah 



where G"}^ := Ge 



^ janiy)p''/Qp) is the maximal abelian quotient of Gj; 

and can be described by the exact sequence 



■G 



ah 



Gf 



where Qp*" is the maximal unramified extension of Qp inside Qp. Local 
class field theory implies that the natural map 

G^^^ ^ Gal(Qp"7Qp) X Gal(Qp(^poo)/Qp) 

is an isomorphism, where /ipoo is the group of p-power order roots of 
unity in Qp. The cyclotomic character e induces an isomorphism 

Gal(Qp(Aip~)/Qp) 

and Gal(Q^^/(Qp) = Z, hence 

G"^ (1 +pZp) X Zp. 

Therefore we can choose a pair of generators 7, 5 of G"** where 

G"'' ^ 1 + pZp X Zp 
7 ^ (1 +p,0) 
^^(1,1), 

where the map onto the first factor is given by e^^^. With [T[ Lemma 
3.2.] we obtain that G is a free pro-p group in two letters 7, 5 which 
project to 7, 5. The way we choose these generators will be of impor- 
tance in the following. 

Lemma 1. Let iy. Gq^ — > Zp he a continuous character such that 
rj = l{p). Then rj = e^x foi^ 'J'^ unramified character x */ (^n-d only if 
ri{'^) ~ £(7)'^ and p ~ l\k. 

Proof. " => " : Since 7 maps to identity in Gal(Qp'"/Qp), we clearly 
have xil) — 1 for every unramified character x- Hence £(7)'^ = 
which implies p — l\k. 

" <^ " : From rje^^{'^) — 1 and the fact that 5 maps to the image 
of identity in the maximal pro-p quotient of Gal(Qp (/ip== )/Qp), we see 
that rje^^ — x for an unramified character x- 
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Since G is a free pro-p group of 7 and S, to give a framed deforma- 
tion of p to {A, xtia) is equivalent to give to matrices in GL2(A) which 
reduce to ^(7) and p{6) modulo rriA- Thus 

= 0[[xii,xi2,x2i,t^,yii,yi2,y2i,ts]] 
and the universal framed deformation is given by 

^ ^ A + *7 + ^11 2:12 \ 

V ^21 l + t^- Xii J 

^ ^ A + i5 + yii yi2 \ 

V y2i i + ts- yii J 

whore X12 := .-ri2 + [<?!'(7)], yi2 ■= yi2 + [0((5)] where [^(7)], [^{5)] denote 
the Teichmiiller lifts of 4>{j) and (p{6) to O. 

Remark 1. We note that there are essentially 3 different cases: 

1. p is ramified <^ ^(7) ^ 4^ X12 € (R^)^; 

2. p is unramified, non-split ^(7) = 0, (/)((5) ^ <^=^ X12 S m^g , yi2 G 
(^^)^ 

5. p is split <s=> 0(7) = 0, 0(5) = a;i2, 1/12 € itikP- 

Let V: — )• be a continuous character, such that det(p) = 
ipe, and let R^'^ be the quotient of R^ which parametrizes lifts of p 
with determinant ^e. Since 7, (5 generate G as a group, we obtain 

= i?°/(dct(p«"-(7) - Ve(7)), det(p""-(5) - #(5))) 
= C[[xii,ii2,a;2i,yii,yi2,y2i]], 

because we can eliminate the parameters t-y,ts due to the relations 
(1 + t^f = ipe{-f) + + xx2X2\,t-^ = 0(m), (1 + t^f = + yl^ + 
yi2y2i,ts = 0(m). We let ?;:=! — €^"^(7) and define four polynomials 

h := {v + xn){v - Xn) - X-12X21 (1) 

I2 ■■= {v + xnfyi2 - 2(t; + a;ii)a;i2yii - a;f2y2i (2) 

h ■■= x%^yi2 - 2a;i2(w - xn)yn - {v - xn)'^y2i (3) 

I4 ■■= {v + a;ii)a;2ij/i2 - 2a;i2a;2i?/ii - Xi2{v - xn)y2i- (4) 

Since for every representation with Hodge- Tate weights {0,p — 1) the 
determinant is a character of Hodge- Tate weight p—1 and i?^cris (^tP^ 
2) parametrizes all lifts pp with determinant ?^e, we let from now on 
if) have Hodge- Tate weight p — 2, as otherwise R^J^^g{0,p — 2) would 
be trivial. Our goal is to show that R^J^isC^^P — 2) is equal to R := 
Rf^/{Iul2,h,h). 

Lemma 2. // p £ m-Spec(i?°''''[i]), then p G m-Spec(i?[i]) if and 
only if Pp is reducible and pp (7) acts on the G-invariant subspace with 
eigenvalue £^^^(7). 
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Proof. Let p e m-Spec(i?^''''[^]), such that pp is reducible and pp{'y) 
acts on the G- invariant subspace with eigenvalue £^"^(7). Since det(pp(7)) 
ipe{j) = e(7)P~^ and £(7)''"^ is an eigenvalue of pp(7), the other eigen- 
value must be 1. Therefore we can write 1 + ^ '^hh^'^ g^^^j^ obtain 



= det 



X12 



+ + Xll -£(7)^-1 

X21 1 + - Xll - e{jy^^ 

= {v + xii){v - Xll) - a:;i2a:2i- 



If we now take p as above but with /i := (f +xii)(w — sn) — a;i2a;2i C p, 
it is easy to see that the vectors vi = I ) and V2 = 



y + xiij \ -X21 

are eigenvectors for Pp(7) with eigenvalue £(7)^"^ if they are non-zero. 
But at least one of them is non-zero because otherwise we obtain v = 0, 
which is a contradiction to its definition. So pp is reducible with an 
invariant subspace on which Pp(7) acts by £(7)^"^ if and only if the 
vectors vi,V2, p™"'" {6)vi , p""™ {S)v2 are pairwise linear dependent. It is 
easy to check that this is equivalent to the satisfaction of the equations 

/l = /2 = /3 = /4 = 0. □ 

Lemma 3. 

m-Spec(i?[i]) = m-Spcc(i?°''''(0,p - 2)[-]) 
P P 

Proof. From [5J Prop.3.5(i)] we know that every crystalline lift pp of 
a reducible 2-dimensional representation p, such that pp has Hodge- 
Tate- weights (0,p — 1), is reducible itself. Moreover, |4l Thm. 8.3.5] 
says that if p is a reducible 2-dimensional crystalline representation, 
then we have an exact sequence 

^ eP-'xi ^ P ^ X2 ^ 0. 

Thus Pp(7) acts on the invariant subspace as £(7)''^^ and hence from 
Lemma [5] it is clear that 

m-Spec(i?[-]) D m-Spec(i?°''^(0,p - 2)\-]). 

P P 

For the other inclusion we note that it is also clear from Lemma [5] 
that any maximal ideal p G m-Spec(i?[i]) gives rise to a reducible 
representation pp such that Pp(7) acts on the invariant subspace as 
£(7)^"-'^ and that the other eigenvalue of pp(7) is 1. So we obtain with 
Lemma [T] that pp is an extension of two crystalline characters 

0^771^*^772^0 

where the Hodge- Tate- weight of 771 is equal to p — 1 and the weight of 
772 is equal to 0. Then we can conclude from [12, Prop. 1.28] that it 
is semi-stable and from [4, Thm. 8.3.5, Prop. 8.3.8] that it is already 
crystalline and hence p € m-Spec(i?p '^{0,p — 2)[^]). □ 
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Remark 2. We have the following identities mod Ii : 

X2ih ={v + xii)Ia (5) 

{v - Xii)l2 ^Xi2h (6) 

X2lh ={V + Xii)l3 (7) 

{V - Xii)h =Xi2l3- (8) 



3 Reducedness 

In order to show that R^'^ {0,p — 2) is equal to R, it is enough to show 
that R is reduced and O-torsion free, since then the assertion fohows 
from Lenima[31 as R[^] is Jacobson because i? is a quotient of a formal 
power series ring over a complete discrete valuation ring. 

Lemma 4. If O — W{k), then R is an W{k) -torsion- free integral 
domain. 

Proof. We distinguish two cases. 

If p is ramified, i.e. Xi2 is invertible, we consider the fact that for 
every complete local ring A with a 6 m^, u € , there is a canonical 
isomorphism yl[[z]]/(w2; — a) = A. Using this we see from ([Ij , , ([5]) 
and © that 

R ^0[[xii,xi2,X2i,yii,yi2,y2i]]/ih,l2) 
^0[[xii,xi2,yii,yi2]], 

which shows the claim. 

In the second case, where p is unramified, i.e. Xi2 ^ R^ , we consider 
the ideal / :— (tt, xn, xi2, X21) and have 

gTjR^'''' = 2/12, 2/21]] [7f,Xii,Xi2,52l]- 

Since O — W{k) we have v G /\/^ and hence the elements /i, /2, ^3, ^4 
are homogeneous of degree 2, so that 

gr/i? = k[[yii,yi2, y2i]] [tt, xn, X12, X21]/ (/i, /2, /s, -^4), 

see [5J Ex. 5.3]. Because R is noetherian it follows from 16, Cor. 5.5.] 
that it is enough to show that grji? is an integral domain. 
We define 

A := fc[[?/ii,?/i2,2/2l]][Sll,Xi2,S21,7f]/(/l) 

and look at the map 

The latter ring is isomorphic to (^[[yii, yi2, 2/21]] [xii, ^12, 7r]/(/2))xi2 
and since I2 is irreducible it is an integral domain. So we would be done 
by showing that ker((/)) = {h^h, h)- The inclusion (/2, Is, 14) C ker(0) 
is clear from ([6|) and ([8]). For the other one we consider the fact that 

ker((/)) ^ {ae A: 3n e N U {0}, b,c,deA: ^"3^ = ^-^2 + c/3 + d/4}. 
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To show that ker(0) C (/2, -^3, ^4), we let a G A and n be minimal with 
the property that there exist b,c,d d A such that 

Xi2a = bl2 + c/3 + dh. (9) 

If n = there is nothing to show. Now we assume that n > and 
consider the prime ideal p := (2:12, 5 — xii) C A and see that 

A/V - fc[[yii,yi2,2/2i]][Sii,Si2] 

is a UFD. We also observe that 

/2 = yi2(w + xii)2 mod p (10) 
h = ^12^21 niod p (11) 
/2 EE j/i2(w + xii)S2i mod p. (12) 

Modulo p ([9]) becomes 

= yi2b{v + 5ii)^ + 2/12CX21 + yi2d{v + xii)S2i- (13) 

Since A/p is a UFD there are 61, ci G A such that 

2/126 = 61X21 mod p (14) 
J/12C = ci(?; + xii) mod p (15) 



and we see that 



d^-^l^Hl±fi(^±£ii)i,odp. (16) 

Hence we can find 62, 63, C2, C3, di, (i2 G A such that 

6 = 61X21 + 62X12 + bs^v - xii) 

c = ci(?; + X11) + C2X12 + 03(5 - xii) 

61X21 +ci(t; + xii) _ 
a = h c(ixi2 + d2[v - xii). 

Substituting this in (0) we get 

x5'2a =6/2 + c/3 + d/4 (17) 

=Xl2{b2h + 63/4 + C2/3 + di/4 + ^2-^3) 

1 (18) 

+ 2{bi{v + Xii) + CiX2l)/4 + (w - Xii)c3/3. 

Modulo p we have 6i(?;+xii)+ciX2i = and hence there are 64, 65, 65, C4, C5, ce 
with 

61 = X2164 + X1265 + (w - xii)66 (19) 

Ci = (w + Xii)c4 + X12C5 + [v - Xii)c6. (20) 

Hence we can rewrite (US]) to 

Xi2a = X122: + ^(64 + Ci){v + xii)^/3 + (u - Xii)c3/3 (21) 
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for a certain z e {hjis, li)- So with (|2T|) we see that 64+C4 = modufo 
p and C3 = modufo the prime ideal p' :— (xi2, v + xn). Therefore we 
can find some C7, cg, ei, 62 G A with 



But since we have {v + xii){v — xn) = a;i2a;2i in A we can finally 
transform (pij) to 



for some z' G (/2j I31 14) which shows that 1 G (-^2j Is-, 14)1 since A 
is an integral domain. But this a contradiction to the minimality of 



Proposition 1. R is reduced and O-torsion free for any choice of O. 
Proof. Since O is flat over W{k) and we have seen in Lemma [3] that 

S := W{k)[[xii,xi2, X2i,yii,yi2,y2i]]/{li, h, I3, h) 
is an integral domain, we get an injection 

O (^w(k) S ®w{k) Quot(S'). 
As S is H^(fc)-torsion-free by Lemma [3J we obtain an isomorphism 

0®w{k) Quot(5) 0[^] ®w{k)[i;\ Quot(5). 

Since is a separable field extension of we deduce that 

®Y/(k)m Quot(5') is reduced and O-torsion free. □ 



We want to compute the Hilbert-Samuel-Multiplicity of the ring R/t: 
for the given representation 



C3 = C7.T12 + C8(w + a;ii) 
64 + C4 = eixi2 + e2{v - xii). 



Xi20- = X12Z 



n. 



□ 



4 The Multiplicity 



p: Gq^ ^GL2(fc) 




We denote the maximal ideal of R/tt by m. 



Theorem 2. 




1 , if p is ramified 

2, if p is unramified, indecomposable 
4, if p is split 
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Proof. If we set J := j/i2a;2i + 2xiij/ii + X122/21 we obtain modulo tt 
the relations 

12 =xi2J (22) 

13 =X2iJ (23) 
/4 EEa;ii J. (24) 

We split the proof into 3 cases as in Remark 1. If p is ramified, i.e. 
X12 is invcrtible, we see as in the proof of Lemma |4] that 

R/tT^ k[[xii,Xi2,X21,yil,yi2,y2l]]/{xii -Xi2X21,J) 

= k[[xii,xi2,yii,yi2]]. 

Hence it is a regular local ring and therefore e(i?/7r) = 1. 

Let us assume in the following that p is unramified, i.e. X12 — £12 G 
m^e, and we can consider the exact sequence 

-> (i?/7r)/Ann^/^(J) -> R/t: R/{-k, J) ^ 0. (25) 

Since a;ii,xi2,a;2i £ Annfl/^(J), see ([22]) , ([23]) , ([Ml) , we have dim((i?/7r)/Annfly^( J)) < 
3. But dimi?/7r = 4 so that ((25)) gives us e{R/n) = e{R/{TT, Jj), see 
[TTl Thm. 14.6]. We obtain that 

i?/(7r, J) ^k[[xii,xi2,X2i,yii,yi2, J/2i]]/(a;n - a;i2a;2i, J) 

^{k[[xii, X12, X21]]/ {xli - xi2X2i))[[yii,yi2,y2i]]/{J) 

is a complete intersection of dimension 4. So if q C R/{t:,J) is an 
ideal generated by 4 elements, such that R/{tt, J, q) has finite length 
as a i?/(7r, J)-module, then these elements form a regular sequence 
in i?/(7r, J) and eq(i?/(7r, J)) = /(i?/(7r, J, q)), see [IH Thm. 17.11]. 
Besides, if there exists an integer n such that qm" = m""'"^, then 
e(i?/(7r, J)) = eq(i?/(7r, J)), see [TTl Thm. 14.13]. So to finish the 
proof it would suffice to find such an ideal q. 

If p is indecomposable, i.e. 0(5) is non-zero and therefore yi2 is a 
unit in R, we can write the equation J = as 

X21 = ~yi2{'^xiiyii +y2ia;i2) 

and h — as 

x\i = a;i22/r2^(2a;iij/ii + y2ia;i2) 

so that 

RKt^^ J) - k[[xii,xi2,yii,yi2,y2i]]/{x\^ - 2:12^12^ (2xiiyii + y2ixi2))- 

Hence it is clear that X12, a;2i, J/11, yi2 is a system of parameters for 
R/{tt, J) that generates an ideal q with qm = m^. So we obtain 

e.iR/in, J)) = ?(i?/(7r, J, q)) = l{k[[xn]]/{xl,)) = 2 

and hence e{R/i:) — 2. 
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If p is split, which is equivalent to a;i2,2/i2 ^ , we take q := 
{xi2 — a;2i,a;i2 — ?/i2,a^i2 — 2/21, and claim that qm^ = m'^. If we 
write m= (a;i2 - X21, X12 - yi2, a;i2 - 2/21, yii, 2^11, 2:12) we just have to 
check that xf^, Xiia;i2, Xiia:i27 2;f2 G qm^. Therefore it is enough to see 
that 

xli = - xiij/ii + ^(2^12 - 2/i2)2;2i + ^(2^21 - 2/2i)a;i2 e mq 
2^12 =^11 + ^i2(a;i2 - a;2i) e mq. 
Hence 

e(i?A) - l{R/{TT,J,q)) = l{k[[xii,xi2]]/(xl^,xl^)) = 4. 

□ 

Corollary 1. If p is unramified, then the ring R is not Cohen- Macaulay. 

Proof. Since R is O-torsion free, tt is i?-regular and hence R is CM 
if and only if R/tt is CM. In ((25|) we have constructed a non-zero 
submodule of R/n of dimension strictly less than the dimension of 
R/n. It follows from [5^ Thm. 2.1.2(a)] that R/n cannot be CM. □ 
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